The subject of the work are pairs of linearly coupled PT -symmetric dimers. Two different settings are introduced, namely, straight-coupled dimer s, where each gain site is linearly coupled to one gain and one loss site, and cross-coupled dimers, with each gain site coupled to two lossy ones. The latter pair with equal coupling coefficients represents a PT -hypersymmetric quadrimer. We find symmetric and antisymmetric solutions in these systems, chiefly in an analytical form, and explore the existence, stability and dynamical behavior of such solutions by means of numerical methods. We thus identify bifurcations occurring in the systems, including spontaneous symmetry breaking and saddle-center bifurcations. Simulations demonstrate that evolution of unstable branches typically leads to blowup. However, in some cases unstable modes rearrange into stable ones.
The purpose of the present work is to introduce nonlinear systems with double symmetries, PT and spatial, and explore results of the interplay between these symmetries. The simplest example of such a setting, which we construct and analyze here, are bi-dimers, i.e., pairs of two linearly coupled PT -symmetric dimers with the on-site cubic nonlinearity. Two types of this setting are possible, both considered below: straight -and cross-coupled ones, in which, respectively, the gain and loss elements of one dimer are coupled to their counterparts in the parallel one, or, alternatively, the two dimers are set anti-parallel to each other, the gain pole of one being coupled to its lossy counterpart in the other. In earlier works, similar configurations were considered either for equal couplings between all the sites [24] , or for special cases (e.g., cross-coupled dimers for a special form of unequal couplings were touched upon in Ref. [23] ). None of the earlier considered bi-dimer settings included the above-mentioned nonlinear PT -symmetric gain/loss terms, which are a part of the models introduced in the present work.
The paper is organized as follows. In Section II, we formulate the models of the straight-and cross-coupled bidimers. We report partial analytical and systematic numerical results, varying the linear gain/loss parameter, γ 0 , in the presence of the nonlinear gain and loss terms with coefficient γ 2 , for varieties of stationary modes in the straightand cross-coupled bi-dimers in Sections III and IV, respectively. In particular, the cross-coupled bi-dimer with the two linear-coupling constants equal to each other may be considered as a PT -hypersymmetric quadrimer. The paper is concluded by Section V, which also puts forward directions for future studies.
II. FORMULATION OF THE MODELS
A. The straight-coupled bi-dimer
We introduce a system of two linearly coupled PT -symmetric dipoles, each one represented by complex variables ψ (1, 2) A,B , where subscripts A and B stand for the gain and loss sites, while superscripts 1 and 2 refer to the dipole's number. Stationary states with frequency ω are looked for in the form of
The bi-dimers with the straight and cross couplings between the gain and loss sites are schematically shown, in terms of variables φ 
The left and right panels schematically display the straight-and cross-coupled bi-dimers, respectively.
Taking the dimer elements as defined in Ref. [26] (which includes the conservative cubic nonlinearity with real coefficient χ), the straight-coupled bi-dimer is described by the following dynamical equations:
where γ 0 > 0 and γ 2 > 0 are the linear and nonlinear gain-loss coefficient, k 1 accounts for the linear coupling, inside a give dimer, between the sites at which the gain and loss are applied, and k 2 is a coefficient of the coupling between the parallel dimers. Then, stationary solutions are looked as per Eq. (1) with constant amplitudes φ (1, 2) A,B satisfying a system of algebraic equations:
Notice that in this model each site with linear gain features nonlinear loss and vice versa, as such a setting is likely to produce stable states [26] .
B. The cross-coupled bi-dimer
The system of two antiparallel linearly (cross-) coupled dimers is described by the following dynamical and static equations, cf. Eqs. (2)- (5):
A .
(9)
Here k 2 is again a real coupling constant. As said above, in the cross-coupled bi-dimers, each site with a linear gain is coupled to two sites with linear loss (and vice-versa). In particular, the case of the PT hypersymmetry (alias double symmetry) corresponds to k 2 = k 1 (in the continuous model of the PT -symmetric coupler, the extended symmetry of the same type was introduced in Refs. [11] and [12] , under the name of "supersymmetry", which we do not use here, to avoid confusion with the well-known supersymmetry between bosons and fermions in the quantum field theory). In the latter case, the cross-coupled bi-dimer may also be naturally called a PT -hypersymmetric quadrupole.
In the particular case of χ = 0 and ω = 0, solutions to the hypersymmetric version of Eqs. (8) and (9) may be sought for in the form similar to that in the case of the single dimer [26] , viz.,
where real amplitudes A 1,2 and B 1,2 obey the following system of four equations:
In particular, a corollary of Eqs. (11) is the following relations between the amplitudes:
Below, we address the existence, stability and dynamics of nonlinear modes in both the straight-and cross-coupled bi-dimers.
III. STRAIGHT-COUPLED BI-DIMERS
In this section, we first analytically seek for stationary solutions with (real) frequency ω, as per Eqs. (4)- (5). Then, we will numerically explore the linear stability and nonlinear dynamics of these solutions.
A. Solutions for stationary modes
Using the amplitude-phase parametrization for the complex variables,
we have found nine branches of solutions to stationary equations (4) and (5), in both analytical and numerical forms, which are listed below.
1. Two solutions, which correspond to signs ± in the expression for A 2 in Eq. (14), with the unbroken spatial antisymmetry [30] and unbroken PT symmetry: φ
Note that this solution satisfies the self-consistency condition, sin
Of course, here and below only the solutions with A 2 > 0 are meaningful ones.
2. Two solutions with unbroken spatial symmetry and broken PT symmetry: φ
. These solution branches are non-generic (of codimension 1), existing under a special condition,
If this condition holds, the two analytical solutions are
Further, the point of the spontaneous breakup of the spatial symmetry of solution (16) , which should lead to fully asymmetric modes, can be found by looking for perturbed stationary solutions, φ
= iB ± δφ B , with infinitesimally small δφ A,B . The substitution of this into Eqs. (4), (5) and the linearization with respect to the perturbations leads to a system of linear homogeneous equations,
Splitting the complex perturbations into real and imaginary parts, δφ A,B ≡ δφ
, transforms Eqs. (17) into a system of four equations, whose solvability condition yields an equation which determines the aforementioned point of the spontaneous symmetry breaking:
The value of k 2 at which the symmetry breaking occurs can be found from Eq. (18) in an analytical form:
(19)
3. Two solutions with the unbroken spatial PT symmetries, φ
4. Three solution branches with the broken spatial symmetry and unbroken PT symmetry, i.e., A = B = C = D, can be found only in a numerical form. Their profiles are shown in Fig. 5 .
B. Stability of the stationary modes
Since the solution branches given by Eq. (16) exist only under condition (15), for being able to compare them with other solutions, we fix the coefficients as γ 2 = 1, k 1 = 1, k 2 = ω = 0.1, and χ = 0, unless stated otherwise, while the main control parameter, the linear gain-loss coefficient, γ 0 , is subject to variation. Note that, according to Eqs. (2)- (3), at χ = 0 coefficient γ 2 affects solely the absolute values of the solutions, but not their phases (actually, it does not significantly affect the stability of the solutions either). For this reason, γ 2 = 1 is fixed here, without the loss of generality.
Figures 2-6 present properties of the straight-coupled bi-dimers of the types enumerated above. The stability of the solutions was identified via numerical computation of eigenvalues, λ, for modes of small perturbations determined by the linearized version of Eqs. (2)-(3), which is produced by the substitution of the expression for perturbed solutions,
A,B,eq + δ a
into Eqs. (2)- (3), and subsequent linearization with respect to the infinitesimal amplitude, δ. The instability is implied by the existence of a positive real part of any eigenvalue, λ ≡ λ r + iλ i , with λ r > 0. Figure 2 represents the solution branches defined by Eq. (14), with thick red and thin blue curves corresponding to the upper and lower signs in the expression for A 2 , respectively. The thin blue branch starts at γ 0 = 0.98, and is stable until γ 0 = 1.76, where two pairs of purely imaginary eigenvalues collide and create a complex quartet, thus causing Next, the solutions given by Eqs. (16) and (21) are shown in Figs. 3 and 4 , respectively. The black (shown in Fig. 4 ) and magenta (the asymmetric branch in Fig. 3 ) solution branches correspond, respectively, to the upper and lower signs in the expression for A 2 in Eq. (16), while the thickest red and thinnest blue curves represent solutions (21) with the upper and lower signs, respectively. The thinnest blue branch starts at γ 0 = 1 and quickly becomes unstable at γ 0 = 1.02 due to a pair of real eigenvalues that arise from zero. The magenta and black branches bifurcate from the thinnest blue one at γ 0 = 2, implying the onset of the PT -symmetry breaking at this point. The magenta branch is always unstable, while its black counterpart is unstable at γ 0 < 2.82, and stable at γ 0 > 2.82. It is important here to stress that, while for the thinnest blue and thickest red branches ω is fixed in the course of the continuation in γ 0 , this is not the case for the black and magenta branches. In particular, condition (15) fully determines ω for a given set of other parameters. So, similarly to what is known from the earlier works [26, 29] , such non-generic branches exist at isolated values of parameters, such as the frequency (once all other parameters of the system are fixed).
We have also found three solution branches with A = B and C = D numerically, which are shown in Fig. 5 . A bifurcation point is in this case located at γ 0 = 1.56, when two solution branches, represented by the thinnest blue and the thinner red lines, arise from a saddle-center bifurcation. However, both these branches are unstable, bearing at least one real pair of eigenvalues (the one represented by the blue line acquires a second instability pair at γ 0 = 2.26, while the branch corresponding to the thinner red line always possesses at least two pairs with positive real parts). The thickest black branch exists and is unstable for all γ 0 too (again, with one real pair for all values of γ 0 , and an additional one emerging from the bifurcation of an imaginary pair into a real one at γ 0 = 1.74). The difference in the values of amplitudes A ≡ B between all the three branches is very small, but the difference in the values of C ≡ D between the branches may be significant, especially for the thinner red branch, whose C ≡ D amplitudes are approaching zero as the gain/loss parameter γ 0 increases.
Some case examples of the dynamical behavior of these nine branches of the solutions are shown in Fig. 6 . Among the nine above-mentioned branches, only three feature stable dynamics in certain intervals of γ 0 , viz., the thin blue branch in Fig. 2 for 0.98 ≤ γ 0 ≤ 1.76, the thinnest blue branch in Fig. 3 for 1 ≤ γ 0 ≤ 1.01, and the black one in Fig. 4 for γ 0 ≥ 2.82. The perturbed evolution of modes belonging to unstable branches always demonstrate an indefinite growth of the amplitude (blowup) at the site where the gain is applied, in the examples that we have considered. Amplitudes at the loss sites decay very slowly in the solutions represented by the the thin blue branch, whereas they grow in the solutions corresponding to the thick red branch, though very slowly, too. (21) (thin blue and thick red ones), for fixed parameters γ2 = 1, ω = k2 = 0.1, χ = 0 and k1 = 1. The thinnest blue and thickest red branches correspond to "−" and "+" signs in the expression for the amplitude in Eq. (21), respectively. The magenta branches with the intermediate thickness correspond to the "−" sign in the expression for A 2 in Eq. (16), while the curve corresponding to the "+" sign is plotted in Fig. 4 . 
IV. CROSS-COUPLED BI-DIMERS
Similarly to the previous section, we here start by seeking for stationary solutions with frequency ω, as per Eqs. (8) and (9) . Subsequently, we explore the linear stability and nonlinear dynamics of such solutions.
A. Solutions for stationary modes
The cross-coupled bi-dimer complexes possess all the solutions that an ordinary nonlinear dimer possesses (see for relevant details the recent work [29] ). This can be immediately seen by setting φ
B , which reduces Eqs. (8) and (9) to an ordinary dimer.
Besides those obvious solutions, we have not been able to obtain other stationary modes for cross-coupled bi-dimers in a general analytical form. Only two branches of solutions are found in this case, without any symmetry-breaking point, as shown in Fig. 7 . However, it cannot be ruled out that additional branches, potentially featuring a symmetry breaking, may exist in this setting.
The branch with equal absolute values of the amplitudes at all four sites (the red one in Fig. 7 ), i.e., with A = B = C = D (in other words, it is a hypersymmetric quadrimer, as it is defined above), is one that can be found in an explicit analytical form:
The other numerically identified solution branch is shown by the blue line in Fig. 7 . It is characterized by relations A = B, C = D, i.e., it features the broken spatial symmetry and unbroken PT symmetry, according to Eq. (13). 
B. Stability of the stationary modes
Both solution branches (red and blue ones) for the cross-coupled bi-dimers, which are plotted in Fig. 7 , turn out to be unstable. The thick red branch, which represents the analytically found solution, always has two pairs of real eigenvalues. One of them is approximately constant, while the other grows continuously. For the thin blue branch, there is always one pair of real eigenvalues that grows indefinitely too. On the other hand, there are two pairs of imaginary eigenvalues that collide, giving rise to a complex quartet, and the respective oscillatory instability, at γ 0 = 1.72. Then they collide again at γ 0 = 2.19, turning into two pairs of real eigenvalues.
The perturbed evolution of these unstable branches is shown in Fig. 8 . The evolution of the solutions corresponding to the thin blue branch is similar to the examples discussed above for the straightly-coupled bi-dimer, leading to the blowup (indefinite growth). However, it is worthy to note that, unlike the other unstable branches, which were considered above, whose amplitudes blow up due to the instability, the evolution of solutions associated with the thick red branch is quite different. It leads at first to a breakup of the PT symmetry, bringing the pair of amplitudes, B = D, very close to zero. Subsequently, the instability results in establishment of a stable mode with squared absolute values of the amplitudes A 2 = C 2 = 3.67 and B 2 = D 2 = 0.33 (i.e., still with the broken PT symmetry), and phases locked to θ 1 = θ 3 , θ 2 = θ 4 and θ 1 − θ 2 = π/2. In fact, this eventually established solution can be identified as a stable state of a the usual (single) nonlinear dimer, which was named "case II" in Ref. [29] .
V. CONCLUSION
We have introduced two settings bearing both linear and nonlinear gain and loss, which implement, in the simplest form, different fundamental types of symmetries for PT -invariant systems. Both settings are built of two linearly coupled intrinsically nonlinear PT -symmetric dipoles (which, by themselves, provide for the simplest implementations of the PT invariance). One of the configurations is arranged as a straight-coupled bi-dimer, with each linear-gain site linearly-coupled to another linear-gain one, and a linear-loss site. The second configuration is the cross-coupled bi-dimer, with each of the gain sites coupled to two lossy ones. The latter system may also implement a PThypersymmetric quadrimer, in the case when all the linear-coupling coefficients are equal.
For these two systems, we have identified a number of solutions analytically, including those keeping both the spatial and the PT -symmetries unbroken, as well as solutions that break one of these symmetries. These solutions present a number of noteworthy features, in terms of the bifurcation theory. In particular, symmetry-breaking and saddle-center bifurcations were found in these settings. Instabilities typically lead to blowup of the solutions, but examples of convergence to another attractor were also identified.
These fundamental systems may be used as building blocks to construct lattices consisting of either straight-or cross-coupled bi-dimers, which should be a natural next step of the analysis. It would also be of particular interest to extend considerations to a three-dimensional PT -symmetric system, i.e., to explore PT -symmetric cubes and configurations which may be developed from them. Studies along these directions are currently in progress. A,B . On the other hand, the PT symmetry or its breaking refer to the field amplitudes with the same spatial superscript, showing how the amplitudes with subscript A relate to ones with subscript B. Thus, the PT symmetry takes
